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TRANSLATION-INVARIANT SUBSPACES
OF FUNCTIONS ON THE GROUP OF LINEAR
TRANSFORMATIONS ON THE REAL LINE'

BY
YITZHAK WEIT

ABSTRACT
The characterization of right translation-invariant subspaces of L.(G?*), where

G*={(g f):aen*,bek},

is studied. We introduce the class of multiplier functions which, in the
semisimple case, play a role similar to that played by the exponentials for the
real line. However, it is proved that multiplier functions of G * with respect to R
fail to characterize right translation-invariant subspaces of L.(G*). That is, we
construct a right translation-invariant, w*-closed subspace of L_(G?*) which
contains no multiplier function.

1. Introduction

Wiener’s Theorem in spectral analysis of bounded functions on the real line
states that every non-trivial, translation-invariant, w*-closed subspace of L.(R)
contains an exponential function. Segal and Godement generalized Wiener’s
result to arbitrary abelian locally compact groups [6, 10]. In the non-abelian case,
the two-sided analogue of Wiener’s Theorem may be formulated as follows:
Every non-trivial, two-sided translation-invariant, w*-closed subspace of L..(G)
contains an indecomposable positive definite function. In [7] it was proved that
the two-sided analogue of Wiener’s Theorem holds for all connected nilpotent
Lie groups, and for all semi-direct products of abelian groups. It is known that
Wiener’s Theorem does not hold for any non-compact connected semisimple Lie
group [2, 7).
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Jerusalem under the supervision of Professor H. Furstenberg, to whom the author wishes to express
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We are going to study the problems of one-sided spectral analysis of bounded
functions on locally compact groups. Qur purpose is to find a class of bounded
functions which will play a role similar to that played by the exponentials for the
real line.

Actually, for a non-abelian group G we may pose the following problems:

(i) Find a class F (as small as possible), F C L.(G), such that every right
invariant, w*-closed subspace of L.(G) contains a member of F.

(1) Determine the fundamental functions in F; i.e., functions which generates
minimal, non-trivial, right invariant, w*-closed subspaces.

(iii) Does every non-trivial, right invariant, w*-closed subspace of L.(G)
contain a fundamental function of F?

For the two-dimensional Euclidean motion group these three problems are
solved in [11], [13].

Let G * denote the group of linear transformations on the real line of the form
ax +b, b €ER, a € R" (R” denotes the multiplicative group of positive reals). G *
may be identified with the group

{(g f):aeR*,bER}.

The problems of two-sided spectral analysis for G * are easily solved in [12, 9]
where the class F is provided by the characters of G *. However, the situation is
completely different for the one-sided problem: the subspace {®(a)e” :d€e
L.(R)} is a right invariant, w*-closed subspace of L.(G*) which contains no
indecomposable positive definite function.

To generalize the notion of an exponential function to an arbitrary group,
regarding one-sided spectral analysis, we follow [5].

2. Multiplier functions

If G is a topological group, by a G-space is meant a space X and a continuous
map (g, x)— gx of G x X — X satisfying (g.82)x = g.(g.x) and ex = x for e the
identity of G. X is a homogeneous G-space if G is transitive on X.

The exponentials are characterized by the property that they have unit value
at the identity and any translate is proportional to the function itself. This
condition is modified by supposing instead that we have a family of functions
s(-, &), where £ ranges over some index space, with the property that s(e, £) =1
and that a right translate of each of the s(-, ¢) is proportional to some other of
the s(-, £). It may be shown that the following functional equation is satisfied:
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(2.1) s(gg’. &) =s(g,8'¢)s(g’, ¢)

where £ ranges over a G-space X.

In [S] a positive continuous function s which satisfies (2.1) is referred to as a
multiplier and the function s(-, £) is called a multiplier function.

If X consists of a single point then (2.1) defines a positive character on G. Thus
the positive exponentials are the multiplier functions on R corresponding to a
trivial X,

It is shown in [5] that in the case of a semi-simple G, there is a choice of X for
which the multiplier functions play the role of the exponentials.

Let u be a positive bounded Borel measure on R" that does not have its
support in a proper subgroup of R". Let V denote the cone of non-negative
measurable functions f on R" satisfying u * f= Af where A >0.

A theorem of Choquet and Deny [1] states that each member of V has a
unique integral representation in terms of extremal functions which turn out to
be the positive exponentials in V. The following generalization of the
Choquet-Deny Theorem for a semi-simple Lie group G was announced in [5]:

Let u be a positive absolutely continuous measure whose compact support
contains a neighbourhood of the identity. Let V,(n) denote the cone of
nonnegative solutions to

2.2) [ 1= 2@, 2>0.

Then every member of V,(n) admits a Choquet-Deny representation in
terms of its normalized extremals. Each normalized extremal is a multiplier
function with respect to the homogeneous space B(G) called the boundary of G.

Thus, in the problem of Choquet and Deny the multiplier functions of G with
respect to B(G) play the role of the exponentials.

Positive exponentials generates irreducible translation-invariant cones and in
fact this property characterizes the exponentials [5]. It was verified in [5] that in
the semi-simple case the right translation-invariant irreducible cones satisfying
an additional condition are generated by multiplier functions.

Another example in which right invariant subspaces of functions satisfying
convolution equations are spanned by their multiplier functions, appears in the
Poisson formula for harmonic functions on a semi-simple group G [4].

Let u be a probability measure on G which is absolutely continuous and
whose support contains a neighbourhood of the identity of G. The bounded
solutions to (2.2) for A = 1 are called u -harmonic functions. It was proved by H.
Furstenberg [4] that given p, there is determined a probability measure y on the
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G-space B(G) with the property that every u-harmonic function f is given by:

@) f@= ], fe e

where f is a bounded measurable function on B(G). As is shown in [5] we may
write (2.3) as

)= [, X0 fware)

and

-1
s(g,x)= 4%;1 (x) isa multiplier with respect to B(G).

Thus, the measure p on G determines a multiplier s with respect to B(G) such
that each w-harmonic function f is an integral over multiplier functions
corresponding to s.

A similar Poisson formula was obtained for the group G* where the
homogeneous space G*/R" =R is a boundary of G* [3]. That is, every
p-harmonic function on G * is an integral over multiplier functions with respect
to R.

These results suggest that multiplier functions of G* with respect to R may
play the role of the exponentials in one-sided spectral analysis.

For our usage we take the following as our definition.

DerINITION.  Let X be a G-space. A bounded, measurable, non-zero function
s(g, £) on G x X which satisfies (2.1) is called a multiplier. The function s(-, ¢)
is called a multiplier function.

Let G = N x H denote the semi-direct product of the groups N and H and let
h — 7, be the homomorphism which carries H onto a group of automorphisms
of N. For a locally compact abelian group G, let G denote the character group of
G and e; the identity element of G.

For semi-direct products we have the following characterization of multiplier
functions:

ProprosiTION. Let G = N X H where N and H are locally compact abelian
groups. Then each multiplier s of G with respect to the G-space G/H = N is of the
form

s(g,x)=x(h>%§§‘,)
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where g = (n, h) € G, y € H and ¢ is a bounded measurable function which does
not vanish in N.

Proor. Let s((n, h), x) be a multiplier of G with respect to the G-space N.
Consequently, s satisfies the following:

2.4) s((ny, ,(n2), hihs), x) = s((ny, hy), natn(x))s((n2, h2), x)
for every n,, n,, x € N and h,, h, € H, and
2.5) s(eg, x)=1 for every x € N.

Let f(n, h) = s((n, h), ex). If f(no, ex) = 0 for some n, € N then from (2.4) we
deduce
s((en, en), en) = s((na', en), en)s((no, en), en) =0

in contradiction to (2.5). Thus, we may assume that f(n, ex) does not vanish in N,
From (2.4) we have

2.6) s((n b, x) = [ERERR)

and f(n,h)= f(n,eu)f(en, h) for n €N and h € H.
The function x(h) = f(e~, h) is a bounded measurable function on H which
satisfies

x(hih)= x(h)x(hs) forevery hy,h,€ H and x(es)=1.

Hence x € H. Let ¢(x)= f(x, ex). Then (2.6) may be written as

¢(nr. (x
s{(n,h),x)=x(h
(n 1), %)= x(h) S5
and the result follows.
For G* = RXR" the multipliers with respect to the G *-space R are of the
form

s(g,x)=g—"%%i)ﬁL—b2 whereg=<8 lb), bER, a€ER’

and ¢ is a bounded measurable function that does not vanish on R.

Our multiplier conjecture regarding one-sided spectral analysis for L.(G*)
may be formulated as follows:

Every right translation invariant, w*-closed, non-trivial subspace of L.(G*)
contains a function of the form a“¢(b) where ¢ € L.(R), ¢$# 0 and § ER.
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3. A counterexample

Let G denote the group {(x,y):x ER, y ER’} where (x,y)o(x’,y’)=
(xy'+ x', yy’). With the topology induced by the upper half-plane, G is a locally
compact group isomorphic to G*, as seen by the map

i: (a b>—> (é,l) from G*on G.
0 1 a’a

The multiplier conjecture for G turns out to be the following: every right
invariant, w*-closed, non trivial subspace of L.(G) contains a function of the
form y“¢(x/y) where ¢ € L.(R), $#0 and 6 ER.

Let du = (1/y*)dydx denote the right Haar measure on G.

For f€ L(G) let N; denote the w*-closed subspace generated by right
translates of f. Let Sp(¢) denote the spectrum of ¢ € L.(R). Let S(R) denote
the space of functions f in C*(R) which satisfy

lli,mmx"lf‘”(x)l=0 forn=0,1,2,---, j=0,1,2,---.
A counterexample to the multiplier conjecture is given by the following
theorem.

THEOREM. Let ®(t) be a piece-wise linear function defined for t >0, which
satisfies the following condition :

For each real A, ¢ >0 and M > 0 there exist real numbers t,, t, and A, such that
L~t>M, [Ao—A|<eand ®'(t)= A, for , <t <t,

Let f(x,y)=g(y)e ™ where

eio(ln y) y > 1,
g(y) =

0 O<y=1.
Then the w*-closed subspace N; C L(G) generated by right translates of f
contains no function of the form y°¢(x/y) where ¢ € L.(R), ¢ # 0 and 6 ER.

The proof of the theorem will be accomplished in several lemmas.

Let ®(t)= At + b, b, ER, for & <t = t, where the intervals (&, f, ] satisfy the
condition stated in the theorem. Let y, = e',, y, = ¢ “+and d, = e™. Then g may
be described as

dAyb\ XA <y §)7A,
gy) =

0 0<y=1
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For 0<e <1 let

1 _
1+¢ Ya-

B,. = ( ! 1 ") whenever n<

T—e 1+ 1-¢
Let I denote the set of the real numbers A that appear in the definition of g.

RemArk. For f(x,y)=g(y)e™ the subspace N; is the w*-closed subspace
spanned by {g(uy)e ™ : p >0}.
We prove the following:

Lemma 3.1. Let Y EN,. Then for every GES(R) with SuppG C
[l-¢1+¢],0<e <1 and forevery X €T, there exists a constant C*(A; G) such
that

(3.1) r o(x,y)G(x)dx = C*(A; G)g(y)  ae.inB,..
For ¢(x/y)€E N; we have
3.2) J: ¢ ( - f) G(x)dx =0  for every y >0.

Proor. Let y €N, and K(x,y)=yH(y)G(x) where H € L,(R*). Then
K € Li/(G) and we have

L g(f‘”e““"G(x)H(y)%dydx =G(n) f g (uy)H() i— dy.

Suppose that H(y) is supported by B,. and orthogonal to d,y ™ ]BM.
Hence, we have

6w) [ sunHO)Jdy = Siwta, [ yHm) Lay =0

B,.

for each u >0.
Therefore, the function K(x,y) is orthogonal to ¢ which yields

® 1
J, 1] venowa] mor by =0
Hence, there exists a constant C*(A; G) such that
f ¥(x,y)G(x)dx = C*(A; G)dy* a.e. in B,,.

Let ¢(x/y)€ N, and suppose that there exists a positive real y, such that



Vol. 37, 1980 GROUP OF LINEAR TRANSFORMATIONS ON REAL LINE 263

Zed(—x/y))G(x)dx#0. From the continuity of the function s(y)=
2= (—x/y)G(x)dx we deduce that there exists H € L,(R") supported by a
neighbourhood of y, such that

[T1]7 o(-2) cwas| HO) oy

=LU 4,(%) G(—x)dx] H(y)%dy#O.

However, for every u >0 we have

[, sun)e™G(-x)H0) dydx = 6(= 1) [ gtun)HE) L dy =0

contradicting the assumption that ¢ € N;,.
Some partial information about Sp(¢) is provided by the following lemma.

LemMA 3.2. If ¢(x/y)E N;, ¢#0, then Sp(d)C (0,).

ProoF. Suppose that s € Sp(¢), s <0. Then 1€ Sp(d(x/s)).

Consequently, there exists G € S(R) with SuppG C[1-¢1+¢], 0<e <1,
such that 2. ¢(x/y)G(x)dx # 0 contradicting (3.2).

Suppose that 0 € Sp(¢). Then for every 0 < & <1 there exists G € S(R) with
SuppG C[-¢,¢] such that [Z.¢(x)G(x)dx#0. Hence, there exists H €
L,(R") supported by [1-8,8], 0< 8 <1, such that

X 1
L ¢(y) G(H(y) dyds #0.
On the other hand, we have
[, 8@ne ™GRO dydx = 6w) [ gunH() dy =0

for every u >0. Contradiction.
The following lemma supplies more information about ¢ for ¢(x/y)E N;.

LemMA 3.3.  Suppose that ¢(x/y)E N;, ¢# 0. Then for every g, 0< ¢ <1,
there exists G € S(R) with SuppG C[1—¢,1+¢] such that the function
C*(A; G) on T has an extension to a continuous function that vanishes nowhere
on R. Furthermore, for every G € S(R) with Supp G C[1—¢,1+ £] there exists a
constant d such that

A
C*(x;G)=dG(e™)(A).
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Let
Val
(3.3) P(A;G)=G(e™)(A).

Obviously, we have
P(A;G)=I gi,_%)dw.

For the proof of Lemma 3.3, we need the following two lemmas.
LemMa 3.4. We have C*(A;G)=0 if and only if
P(A;G)=0.

Proor. Suppose that P(A; G)=0 for some A €T such that B,. is defined.
Let yo € B,.. Hence we have

—e

J'=° ¢ (i) G(x)dx = C*A; G)dyy?.

Let y, and y. be positive reals which satisfy

1+e<1—s.
y2 b4

Let M € S(R) with
(34) SuppMC (ﬂ’ﬁly—’LQ : Xqﬂy—‘f—)) such that f M) g, 20,
2 1

Let K be defined as

K(xy) = j G(Oxy’ )M(’f)df 1<y <y,

0 elsewhere.

We notice that for every positive integer n, there exists C, >0 such that

G
,K(X’Y)’§1+'xln! xayER‘

Hence K € L(G). The function K(x, y) is orthogonal to g(uy)e ™" for each
u >0, as seen in the following:

r2 ” —ipx 1
["[ stwve K xy) 5 dndy
yi J=®
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= ["Sewn | [ [ 6 (2EE) M@rde] e ae] ay

., A
6 - f 5 8u)0 (1) ()Mt )y
L) [7 6 (8) stun) @y
- L yigu) [ CE)

#ys'¥o

g(yoz)dz

. 1Y, 1Y O
= ow () f Qll_%) dz.
Yo " z

¥1/¥a

For p in (yo(1+ £)/y2, yo(1 — €)/y.) we have

Supp(‘}g[l—e,1+e]c<%’h,l£yy—2)
0 1]

and, consequently,

55 2% 78
f 6@ 4, _ pir;Gy=o.

myilyo

Thus, by (3.4), (3.5) is equal to zero for each u >0. As ¢(x/y)E M,, the
function K(x, y) must therefore be orthogonal to ¢(x/y). That is,

(3.6) f f ( )K(x y) ;_.dxdy 0.

On the other hand, we have

[ f ( )K\x y)ylzdxdy
L o) ] of2) o 2
LT ol o] ()] o

If we represent G as G(w)= (1/27) 1" G (s)e™ds we obtain:

=§# f f: ( f: [ :c‘;(s)e"“wf/”ds] M(§)d§]¢<-yz—0) dz]%dy
=g L ) 91(%) 6eas] o (2) ] S
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By applying Fubini’s theorem twice we obtain

=2;yof_: UU y <E>dY]G(S)e'"dSJ¢<i)dz

> yo"/yl
=L [ f [ f —Q dt] G(s)e"‘ds] ( ) dz.
277'))() il Yos/y2 y(’

By (3.4) we have
y"s/y, y

[ —-L)d —fMtht foreverysin[l—¢,1+¢].
¥

0s/y2

3.7

Thus, (3.7) is equal to
fJJdt f G(z)¢( )dz -

which yields, by (3.6), that C*(A; G)=0 and the “if” part of the lemma is
proved.

To prove the “only if”” part suppose that C*(A; G)=0 for some A €T and
that P(A; G)#0.

By Wiener’s theorem there exists s ER, s € Sp(¢). From Lemma 3.2 we
deduce that s>0. Let G,€ S(R) with SuppG,C[l1-¢1+¢] such that
[ d(x/s)Gi(x)dx = C, #0.

Let y,, y: be positive reals such that (1+ ¢)/y.<(1-¢)/y, and let M € S(R)
where Supp M C (s(1+ £)/y2, s(1~¢)/y:). Let K, € L(G) be defined as

4 (50,

Ki(xy) = {f © (ﬂxT;Q) M(§)dg yi=y Sy,

elsewhere.

As in the “if” part of the proof we obtain

. 1 "
| Gupexiy s dyds = Cabt (1)
where

Cz_ = J—),g(sz)dz

N I—¢

Let yo€ B.., y3, ys be positive reals satisfying y.>y,, yo/y;=s/y, and
Yol ys= 81y
Finally, let K€ L,(G) be defined as
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0 elsewhere.

Then we have

[ stuv)eKatn )z dydx = K1) L P(1;G) = CM(w),

Consequently, the function K(x,y) = G, Ki(x,y)- C: K(x, y) belongs to L,(G)
and is orthogonal to g(uy)e ™ for all u >0.
However, we have

j (y) K(xy) 2dydx - [c Gi-c; G)Cf”f:] f J—?dz
G
1Cs % f M_}Q dt#0
contradicting the assumption that ¢(x/y)€ N;. This completes the proof of
Lemma 3.4.
Lemma 3.5. We have
C*(Ay; G)P(Ay; G)= C*(A2; G)P(A; G)  for A, A, ET.

Proor. Suppose that P(A;; G)#0, i =1,2. Let y,, vy, v (i=1,2,3,4) be
positive reals satisfying

—_ * *
l4e_1-e y_Yo Y5_Yo  yep . and y}€B,.
y2 Y1 Ya Wi Ya Y2

Let M € S(R) with

Supp M C (y°(ly+ 2) , y"(ly_ El) such that J _Aﬂtﬁ) dt#0.
2 1

Let K; (i = 1,2) be functions in L,(G) defined as:

bJ:; G (myiﬂ) M(¢)de yi<y <y

Kl(x’ Y) =

0 elsewhere
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where

P(Az; G) dA )’o M
(3.8) b= P(r; G) dMyzl_.A )
and

[ cHE= D M yi<y <y

Kz(x, )’) =
0 elsewhere.
Consider the function K(x, y)= Ki(x,y) - K3(x, y). We have, by (3.8),

[ bdA

[ stwyse Ky s duax = [ B (1.3 6)- e PO 6) | W) = 0

for all & >0.
As ¢(x/y) € N;, we conclude that

[ o) - [0 U] 1

From (3.8) we deduce

C*A;G) _CYAG)
P(Al;G) a P(’\z;G)

and the result follows.

Proor oF Lemma 3.3. Let G € S(R), G# 0 with Supp G C[1-¢,1+ ¢] for
some ¢,0<e<1.Let P(A;G)= G?e"‘)()\). If P(A; G)=0foreach A €T then
from Lemma 3.4 we deduce C*(A; G)= 0 for A €I’ which yields Lemma 3.3 for
d=0.

Suppose that P(A;;G)#0 for some A, €. By Lemma 3.4 we have
C*(A;; G)#0. Let d = C*(A(; G)/P(Ay; G). Hence, by Lemma 3.5 we deduce
that C*(A; G)=dP(Ar; G) for every A €T.

For 0 <& <1 we construct a function G € S(R) with Supp G C[1~-¢,1+ ¢]
such that P(A; G)>0 for every real A.

Let ¢ ESR) with Suppy C[-58/2,8/2] where &>0 satisfies
[e™® e’1C{1-¢1+¢]. By the analyticity of ¢(z), z €C, there exists z,€ C
such that a(x)= ¢(x +i In}\zo) vanishes nonwhere on R and Supp & = Supp §.
Let Pi{(¢) = (a(x)* & (- x))(£). Then P, € S(R), P,(A)>0 for each A €ER and
Supp P,C [~ 8,8].
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Let
P(-Inx) x€fe?’e’],
G(x) = {

0 elsewhere.

Then Supp G C[1-¢,1+¢], and by (3.3), P,(A) = P(A; G).
This completes the proof of the lemma.

REMARK. By definition the set ' is dense in R. Therefore, if G#0 the
function P(A; G)is not identically zero on I'. Consequently, the constant d # 0.

It follows by Lemma 3.3 that if ¢(x/y)€E N, ¢ # 0, then for every G € S(R)
with Supp G C[1-¢,1+¢], 0< ¢ <1, the function QW)= [Z-d(x/y)G(x)dx
is determined by g(y) on the intervals B,., A €T.

The following lemma implies that (1/y)Q(y) must possess an additional
property which cannot be possessed by g(y).

LEMMA 3.6. Let ¢ € L.(R), $#0 and G € S(R) such that G(0)=0. Then
there exists a constant C >0 such that

J:<ryr<~ [f.: d’(x)G(xY)dx] d)" <C
for any N >1.

Proor. Let K(y) = [Z. ¢(x)G(xy)dx. The function R(x,y)= ¢(x)G(xy) is
integrable in the strip {(x,y):1<|y|<N, x ER}.
Thus, by Fubini’s theorem, we have

Lm«q Kiy)dy =£ [ [ x G(xy)dy] ¢ (x)dx

<lyl<

and

Nx x
f G(xy)dy = —1—[ G(z)dz —f G(z)dz]
1<lyl<N ’X i —Nx —x
for any x# 0.
Let M(w) = [".G(x)dx. As G(0)= 0 it follows that M € S(R) and hence we

have:

Bn(x) = G(xy)dy

1<ly|<N

(3.9 1 1
=m(M(Nx)—M(—Nx))+m(M(x)-M(—X))

for any N >1 and x#0.
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Let T(x)=(1/|x])(M(x)— M(-x)) for x#0.
By (3.9) we obtain By(x)= NT(Nx)+ T(x).
T(x)€ L,(R) as seen in the following:

L ]T(x)ldx=fmél %]M(x)—M(—x)ldx+L'>l l—i—-,lM(x)—M(—x)ldx
<4 max [M'(x)|+ 2| M|, = C..
Hence,
1Bx (o)l = N T(Nx ), + [ T |le, = 2| T, < 2C,
for any N >1.
Finally, we have

J:<,y|<N K(y)dy' =|Bvx)|uloll.<C forany N > 1

as required.

ProoF OF THE THEOREM. Suppose that N; contains a function y“¢(x/y)
where ¢ € L.(R), ¢ # 0, 8 € R. Obviously, N ,-¢,= y N, and N,-s contains the
function @(x/y). The function g,(y)=y “g(y) is defined as d,y'*® on the
intervals (y,y.]. By Lemma 3.3, there exists G € S(R) with Supp GcC
[1-€1+¢€], 0<e <1, such that P(A; G), as defined by (3.3), is positive on R,
and C*(A\;G)=dP(Ar; G) for A €T and d#0.

From Lemma 3.1 we have

f/ ¢ (%) G(x)dx = C*(A; G)d,y'*™® forevery y in B,.
and

f ¢(§> G(x)dx =0 forany y <0.

Let K(y) = JZ. & (x)G(xy)dx. Then, by Lemma 3.6 there exists a positive real
C such that

(3.10)

fy K(y)dy, <C

for every y,, y.>1.
The function P(w; G) is positive and continuous on R. Consequently, there
exists & >0 such that

P(w;G)>%P(0;G) for [w— 0| <.
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By the definition of g(y) in the theorem, it follows that for every M >0 there
exists Ao € ' such that |[A,—6|<§ and

Yo >eM
by

For any A >0 we have
PO |
—= d '=
L y— &
¥, 1 &

lim —dy =In
a—0 Y1 yl y yl

/\y2 1
[P5ia]. een

and

Consequently, there exist AcET, y,, y,€ B,,. satisfying the following condi-
tions:

Y2 ( 4C )
(3.12) yl>exp __—|le(0;G) ,

Yz 1 I .
(3.13) ’fhmdy’>§ln§?.

Hence, we conclude

¥y . ¥, 1
[ ko] =1t 0s 0| [ s ay|
>%ld|P(0;G)ln%>C

Contradicting (3.10).
This completes the proof of the theorem.
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